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A Calibration Method of Robot Base Frame with Procrustes Analysis
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Abstract: In order to realize high precision industrial operations, based on the POE formula, an effective

approach to calibrate the robot’s actual base frame ( ABF) is proposed. Due to the existence of manufacturing

errors, the ABF deviates slightly from nominal base frame ( NBF').Using external precision measurement, the
ABF can be established only through the three dimension (3D) position of the robot’s end-effector.To ensure the

orthonormal constraints of rotation matrix as well as the precise solutions, Procrustes Analysis is introduced,

where an optimal orthogonal matrix is solved out by the Lagrange Multiplier method and Singular Value

Decomposition (SVD). Furthermore, calibration experiment on a serial 6-DOF robot is performed, where a

FARO laser tracker is utilized to measure the 3D position. Finally, calibration result indicates that the

positioning accuracy has been significantly improved after calibration. The calibration method is also applicable

to other similar problems, such as multi-robot coordination and robot hand-eye system calibration.
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1 Introduction

Due to the inevitable manufacturing and assembly
tolerance, mnormally robot’s actual kinematic model
deviates slightly from the theoretical model. As a
result, the errors from the deviation of two robot
kinematic models would directly result in the pose and
trajectory inaccuracy if the nominal model was used to
calculate the robot’s pose'''. In order to enhance
positioning accuracy, as an economical and efficient
way, robot calibration is usually used to obtain the
actual kinematic parameters.

The robot’s absolute positioning accuracy is mainly
influenced by three aspects, such as kinematic
parameters, pose of the base frame and tool center
point ( TCP). Hayati and Judd’s MDH model'*™’,
Veitschegger and Wu’s model ®', Driels’s another
modified DH model'’?, Stone and Sanderson’s S-
model " *” |
continuous ( CPC) mode

model °) and
1, 11-13]

complete
1[ 9]

Zhuang’s and  parametrically
, Sheth’s shape matrix
product-of-exponential ~ ( POE )
are widely used for kinematic calibration.

In general, the robot kinematics model is described

model"

relative to the base frame , which is one of important

prerequisites of the kinematics parameters identification

[14-15]

and error compensation Therefore, it is
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necessary of exact modeling and analysis of base
coordinate frame. However, the research on this field is
limited. Zhang et al."'®’ proposed a linear method and
a modified particle theory to
calibrate ABF by means of dealing with a typical hand-

swarm  optimization

eye problem through some simulations. The calibration
result can be acquired by combining the kinematics and
the end-effector’s 3D position provided by the camera.
Aiming at the calibration of robot’s ABF, Zhang et
al.""") presented a geometric method combining single
axis rotation and tool data of the robot measured by a
laser tracker in real-time. In the calibration system,
circular locus generated from the robot single axis
rotation is spatial circle fitted, then the unit normal
vector is obtained and the rotation matrix is calculated,
and at last the translation vector can be obtained due to

the rotation matrix. Gan et al.''®’

presented an ABF
calibration method for multi-robot system. In this
method, a series of “handclasp” manipulations were
taught between two coordinated robots within the robot
workspace and used the contact point’s relevant position
information, and it realized ABF calibration by an
optimal estimation. Qi et al.'"’’ developed a novel
method for calibrating the ABF automatically which was
a pose mairix between the robot’s ABF and external
measuring equipment by means of distance restriction
and fractional steps according to the character of
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industrial robot’s position error measuring system
composed of a 6-DOF robot and a laser tracker. Wang
et al.'” proposed a two-step accurate calibration
method using quaternion form to solve the problem of
ABF calibration. Based on forward kinematics and 3D
positions collected from external measurement, the
orthogonality calibration result could be obtained by
using the geometrical constraints of a quaternion. Wu et
al.">"" found a mathematics model of robot’s ABF
calibration by solving a hand-eye calibration problem in
the LBR iiwal4 R820 platform. The transformation
relation can be acquired by using the 3D position only
provided by the camera mounted at the end of the robot.

In practice, mechanical errors usually lead to the
fact that the ABF does not coincide with the NBF used
by the robot controller. In this paper, in order to
calibrate the transformation relation between the ABF
and the NBF, a new approach is to be discussed,
which uses only a series of robot end-effector’s 3D
position obtained by precision measuring device and its
corresponding joint angles.

2 Base Frame Calibration Model

2.1 Forward Kinematics Using POE

The forward kinematics of a serial robot based on
Product of Exponentials Formula ( POE) formula was
initially described by Brockett'®’
related to the inertial frame, so it only requires two
coordinate frames to be attached, which are the base
frame {S| and tool coordinate frame { T} , the former
is intuitively attached to the robot’s base link, while the
latter is attached to the end-effector. We can use g,(0)

. As all joint twists are

to represent the transformation from {S} to { T} when
robot is in its reference configuration, with all joint

A
angles ¢ = {0} . The ¢, € se(3) is a twist associated
with the ith joint axis, and all twists are expressed in

A A
the base coordinate frame {S}. & = {wi Vil e
0 O

A
se(3), where w, € so (3) is the skew-symmetric
let & =
T 6 . A . .
[w, —r. X w,] € R®be the twist of £, , in which

w, € R’ as a unit directional vector of the ith joint axis

matrix of w,. For a revolute joint,

evaluated in the base frame, r, € R’ as an arbitrary
point on the axis of ith joint.

Based on the POE formula , the generic forward
kinematics for a serial robot with n-DOF is given by :

g, = eXp(fAlql) '"eXp(é*Anqn) g,(0) =

(1)
H eXp(EAiq,:) g,(0)

However, the actual base coordinate frame { S’} is

- 68 -

difficult to coincide with the nominal one {S!. There is
a transformation g, between {S’| and {S|. Therefore,
g.,(q) can be expressed as:

g.(q)=g.8.,09) =g, H exp(é:“A 4:)8,(0) (2)

Assume that the transformation of | T} with
respect to { S’} is expressed as the format g, (q) =
R, P
| 0 1
respect to { S’} is expressed as the format go, =
_RX'S s's
| 0 1
respect to { S}

_th PSI

L0 1
multiplication theory, the mathematical model of ABF

s't

:| . The homogeneous matrix of {S| with

} , and the homogeneous matrix of { T'} with

is expressed as the format g,

} . By applying the block matrix

calibration can be expressed as
Ps’[ = Rs'.sPst + Ps’s (3)
P.)=P, -R.P,-P the ABF

s'sT st s's o

Denote f(R,,,
calibration problem can be abstracted to minimum
optimization problem, which is essentially to calculate a
3 X 3 rotation matrix R, and a 3 X 1 translation vector

P so that:

s's 9

min 3 11 (4)

where j and m indicate the sequential and the total

measurement number, respectively.

2.2 Orthogonal Modified Algorithm of Procrustes
Analysis
Theoretically, the

orthogonal and normalized in Cartesian coordinate

system. In order to satisfy the above condition,

Procrustes Analysis' 2~/ is introduced to optimize the

rotation matrix. In mathematics, Procrustes Analysis

solution to the problem of base frame calibration is
essentially to calculate the matrix R , which is obtained
by minimizing the function min || AR = B || , .In the

rotation matrix must be

minimizing problem , matrix A and B are known, and
| ® |, is the Frobenius norm. Define the set of
orthogonal matrices as orthogonal Stiefel manifolds; S =
{R € R™: R'R =1} ,subject to det (R) = 1.

Considering the orthonormal constraints of the
rotation matrix, the calibration model can be considered
as an equilibrium problem. Therefore, the constrained
orthogonal Analysis  problem can be
described as;

{min |AR -B| ,,A € R* B e R’

Procrustes

R'R=1 ()
In order to solve Eq.(5), the Lagrangian function
is established ;
f(R) = min ||AR ~B |} + K(R'R ~1) =

tr (AR =B)"(AR = B) + u[K(R'R =1)]
(6)



Journal of Harbin Institute of Technology ( New Series) , Vol.24, No.6, 2017

where K is the matrix ( unknown ) of Lagrange

multipliers.
The optimal matrix can be performed by setting the
derivative of f(R) to zero, we can get:
I (R)
R
For clearness, we denote M =A"A ,N=A"B,C =
(K + K)"/2. Hence one has to solve:

=24"AR -2A"B +R(K +K") =0 (7)

MR - N+RC=0 (8)
Let us multiply Eq.(8) on the left by R" .
R'MR -R'N + R'RC = 0 (9)

As matrices R"MR and C are symmetric, we can
deduce matrix R'N is also symmetric. Therefore , matrix

RN satisfies the following properties :

R'N=N'R (10)
Eq.(10) is equivalent to:
NN' = RN'NR" (11)
Matrices N can be obtained using SVD;
N =UDV"' (12)

where U , V are orthonormal matrices. Then plugging U
and Vinto Eq.(11), we can get
UD*U" = RVD*V'R" (13)
From Eq.(13), we obtain U = RV , and finally
we get
R=UV' (14)
Similarly, for solving of equation min | RA -
B| , , where N = AB" | we can use SVD to get the
solution of min ||RA =B | .
From Eq. (14) we can get rotation matrix R , by
plugging Eq. (14) into Eq.(3), then the translation
vector can be obtained.

P.
PS,S — 2 st _ RZ st

Jj=1

(15)

3 Calibration Experiments

3.1 Calibration Experiment System

A real-world experiment has been conducted to
the ABF
calibration method. The setup consists of an industrial
6-DOF serial robot, a FARO laser tracker and a
spherical target ball.

The structure characteristic of the 6-DOF serial

verify the accuracy and usefulness of

manipulators is as follows: the first three joints are
nonintersecting, of which the second and third joint
axes are parallel and different planes from the first joint
axis, the other fourth, fifth, sixth joint axes are
intersected at one point, and all of them meet the
Pieper criteria. Applying the method of Screw Theory to
establish each joint coordinate system is as shown in
Fig.1, and the corresponding kinematic parameters are
shown in Table 1.

| [=771 mm

| |
0O C:@

£, =165 mm e

AR
£,=590 mm

¢ {TY
R r
/=428 mm
- gk
{S}
|<—>

[ =155 mm

Fig.1 Forward kinematics of a 6-DOF serial robot

Table 1 Kinematic parameters of the 6-DOF serial robot

Link No. Initial pose parameters r; Joint twist parameters w;
1 (0,0,1) (0,0,0)
2 (0,1,0) (4,,0,0,)
3 (0,1,0) (1,,0,0,+15)
4 (1,0,0) (1 +15,0,1,+15+,)
5 (0,1,0) (L +l5,0,0,+15+1,)
6 (0,0,1) (14 +15,0,1,+15+,)

The target ball with a diameter of 38.1 mm is
utilized to construct { T’} , whose center relative to the
wrist position offsets is —6.55 mm, 6.732 mm,290.95 mm.
When the distance from laser tracker to robot is less
than 10 m, the theoretical measurement accuracy of the
laser tracker is about 0.022 mm, which satisfies the
experimental requirement.

3.2 Procedure of Base Frame Calibration and
Data Acquisition

Fig.2 shows the experimental setup. In order to
improve and maintain the measurement accuracy, a
FARO laser tracker is mainly used in this procedure to
measure the 3D position of the target ball. According to
the actual working requirement, by teaching the robot
in its working space, the Z' and X'-coordinate axis of
the ABF can be established through the software of
laser tracker. At last, according to the right-hand rule
( Y = Z X 52), the Y'-coordinate axis is finally
obtained.

In the data acquisition processing, when the ABF
is calibrated, then all the 3D position measuring data
should be mapped from FARO laser tracker coordinates
to the actual base coordinates. Because of the limit of
the measurement range of the laser tracker, 30 poses
are randomly generated within the workplace of the
robot, in which the first 15 are used for calibration and
the last 15 for validation. A series of robot joint angles
(4,+9,,95,94,95,9s) of the robot motion read from
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robot controller and the target ball position (p,,p, ,p.) —

- Wik
read from the software of laser tracker are given in A ’

3 Spherical target ball
Table 2. '

3.3 Identification Procedure
To obtain the homogeneous transformations ‘

between the two base frames, the overall solution A

procedure is as follows: Eq.(1) is .used to c.ompute. the

vector P, using the POE formulation. P, is obtained —

from the measuring data of laser track. Eq.(14) is used

to compute the matrix R, while P, obtained from

Eq.(15) with the unit of mm. Without considering the

error of robot kinematics parameters, the homogeneous
transformation from {S} to {S’| can be obtained.

_ Rs 's P.v s | _
4 s's T 0 1 -

1.000 0 0.000 3 0.000 4 0.901 4

- 0.000 3 1.000 0 0.0003 -0.2010
- 0.0004 -0.0003 1.0000 0.891 8
0 0 0 1.000 0

Fig.2  Experiment setup with a 6-DOF robot and a
FARO laser tracker

Table 2  Robot joint configurations and positions of target ball

No. Joint angle (°) Target ball Position (mm)
q 9> q3 q4 qs 9e P, P)' P,

1 -10.444 -89.921 0.005 0.012 -17.791 0.061 1 185.460 -225.383 00 1293.682
2 -9.372 -89.144 0.005 6.147 17.791 2.636 1 195.527 -193.510 00 1 101.205
3 -9.372 -89.920 1.692 13.783 -20.708 3.693 1 188.463 —225.647 00 1272.198
4 -7.982 -88.400 1.692 -5.852 -15.709 3.900 1 224.954 -170.707 00 1 223.761
5 -6.313 -88.400 3.529 -15.081 -12.020 4.266 1 237.572 —-128.992 00 1 170.409
6 -7.980 -90.515 4.900 -21.310 -19.190 4.682 1 206.241 -142.320 00 1216.765
7 -5.718 -90.515 3.082 -30.442 -20.310 3.039 1 204.787 -78.095 70 1 250.119
8 -4.347 -88.252 4.751 -13.670 -24.270 5.190 1 235.242 -73.144 70 1204.179
9 -3.552 -86.136 2.916 -3.784 -29.300 5.687 1 249.622 -74.717 80 1223.896
10 -1.288 -88.251 4.435 3.855 -20.020 6.176 1241.344 -40.251 30 1 190.164
11 1.288 -86.416 5.676 0.987 -25.278 6.883 1261.367 20.277 18 1 158.261
12 0.528 —-85.045 4.007 -5.149 -22.471 7.139 1 278.260 15.151 21 1 149.095
13 2.495 -89.688 4.932 -12.781 -25.389 7.912 1215.091 73.316 87 1232.929
14 0.975 -91.208 6.471 -1.398 -28.690 8.066 1 195.751 17.736 23 1 249.926
15 3.685 -89.391 4.356 9.988 -23.464 8.620 1221.278 53.962 00 1227.709
16 6.246 -86.234 3.282 -6.644 -25.388 8.620 1 249.869 144.664 80 1199.655
17 8.065 -84.566 4.505 -18.033 -29.961 9.127 1 256.501 215.824 60 1161.785
18 9.583 -82.256 6.024 -6.127 -33.490 9.780 1 279.555 226.906 20 1109.575
19 10.675 -80.742 7.108 2.259 -38.171 10.090 1 289.172 230.200 50 1 081.472
20 12.363 -79.374 5.290 10.739 -34.482 10.668 1 304.873 250.075 20 1 066.272
21 14.478 -80.745 3.621 1.926 -38.172 11.074 1 266.482 315.170 90 1 145.858
22 15.403 -78.630 0.465 1.926 -32.718 11.843 1 289.696 344.310 90 1 135.375
23 17.071 =717.705 -4.328 -4.960 -23.574 12.021 1 289.283 400.024 10 1161.212
24 15.105 -77.705 -9.896 -16.346 -18.121 10.160 1 289.500 366.578 20 1 236.125
25 16.478 -76.185 -12.755 -23.230 -14.432 8.527 1293.704 403.747 40 1 238.008
26 17.579 —74.498 -15.019 -32.367 -10.744 7.130 1 303.036 433.692 20 1 224.865
27 15.586 -71.639 -18.026 -15.730 -10.744 7.130 1 347.495 382.918 80 1 223.016
28 14.196 -73.307 -19.695 -23.363 -7.936 5.859 1 329.658 343.861 40 1 275.502
29 12.676 -75.720 -20.885 -11.230 -3.364 3.672 1 304.079 288.727 90 1326.317
30 10.707 -77.091 -20.880 -22.616 2.973 1.034 1297.672 230.398 00 1325.721
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3.4 Accuracy Evaluation

Finally, now we use the last 15 poses from the
Table 2 to validate the correctness of the calibrated
value. The deviation of the end-effector’s actual and
nominal position coordinates is defined as the absolute
positioning error. In comparison with other calibration
method in Ref.[ 18], the calibration result is shown in
Fig.3, where Figs.3(a) — (d) represent positioning
error in X, Y, Z axis direction and absolute positioning
error respectively.

The comparative analysis of positioning error
results show that both single direction precision and
absolute precision have been improved after calibration
by the method proposed in Ref.[ 18] and Procrustes
Analysis compared with before calibration. Corresponding
to the two methods, average positioning errors of single
direction in X, Y, Z axis direction decrease from

0.569 mm to 0.543 mm and 0.471 mm, from —0.230 mm to

-0.212 mm and -0.149 mm, from -0.578 mm to
0.65 - Error before calibration
Calibrated error in Ref. [18] .
—e— Calibrated error using procrustes analysis
T AN
£ 0.60+ A L4 N
< | —
= 0.535 ‘
= S
o 0.50F
=
'S
2
'z 0457
a
0 2 4 "8 10 12 14
Sequential number
(a)Position error in X axis
—+—Error before calibration
-0.201 Calibrated error in Ref.[18] )
—e— Calibrated crror using procrustes analysis
£ -025¢
£
7 -0.307
&
N -035¢
=
= =040
e
D 045}
2
= -0.50F
£ ossh S
é’ -Jaar ""+7—+,,,~§7 _ﬁﬁ‘*in*(*ﬁ“ P - A
-0.60 1 e
0 5 10 15

Sequential number
(c)Position error in Z axis

—0.423 mm and —0.283 mm, respectively, and maximum
errors of them decrease accordingly. By the method in
Ref.[ 18 ], absolute positioning error at point 9 is the
greatest, and the error can reach 0.807 mm, the error
at point 2 is the minimum with error 0.640 mm, and its
average error is 0.721 mm. While absolute positioning
error using Procrustes Analysis at point 14 reach the
greatest with error 0.605 mm, while at point 5 is the
minimum with error 0.530 mm, its average error
decreases from 0.844 mm to 0.572 mm. Hence the
proposed Procrustes Analysis can greatly decrease both
average error and maximum error. Meanwhile, we can
learn that error distribution is more evenly than before
calibration and the method in Ref.[ 18] influenced by
the orthogonality of the rotation matrix. As Procrustes
Analysis algorithm has the advantage in dealing with
orthogonality of the matrix, it is easier for us to get the
optimal solution.
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Fig.3 Comparison of calibration results

4 Conclusions

the POE formulation

Procrustes Analysis, a novel effective approach has

Based on and using

been proposed in this paper to calibrate the ABF of

serial robot caused by mechanical manufacturing errors
only using 3D position.

1) Using the theory of Procrustes Analysis, the
proposed calibration model has not only proven to be
effective in calibrating 6-DOF serial manipulators but it
is also favored from a

computational efficiency
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viewpoint since it ensures the orthonormal constraints of
rotation matrix as well as the precise solutions.

2)The method of calibrating the actual base
coordinate frame can also be suitable for any serial
robot. The superiority of this method lies in its easy
operational step and simple calibrating environment.

3)The developed approach is implemented to
6-DOF serial robot and its resulting improvement of the
positioning accuracy is addressed, which lays the
foundation for robot off-line programming . To improve
the absolute
calibration is also essential.

precision even more, kinematics

4) Theoretically, the calibration method for solving
the transformation relation provides a reference for
other same problems, such as multi-robot coordination
and robot hand-eye system calibration.
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