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Dynamic analysis of axially functionally graded beams with complex
boundary conditions
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Abstract: To investigate the effects of boundary conditions and geometric properties on dynamic characteristics of
axially functionally graded beams, Gauss-Lobatto sampling and Chebyshev polynomials are used to discretize
deformation fields of the beams, and the discrete governing equations are obtained by utilizing Chebyshev spectral
method and Lagrange’s equation. After employing projection matrices, classical as well as elastic boundary
conditions are incorporated in the governing equations. The effects of various parameters, such as material gradient
index, cross-sectional area, and attached tip mass on the vibration of the beams are analyzed. The results show that
these effects differ for different boundary conditions. As the taper ratio increases, the first natural frequency of the
cantilever beam increases simultaneously. While for the beams with other boundary conditions, their natural
frequencies decrease. With the raising of the material gradient index, the first natural frequency of the cantilever
beam increases firstly and then decreases, but other frequencies all increase. But for the fixed-fixed beam, its first
two natural frequencies decrease, the third and the fourth increase. For the pinned-pinned beam, all natural
frequencies increase with increasing material index. When the elastic support becomes stiffer, all natural
frequencies increase with a step. The effect of the rotational spring is more pronounced than the translational spring
when the elastic supports are of low stiffness. The attached tip mass makes the natural frequencies smaller and this
effect appears more pronounced for higher modes.

Keywords: dynamic characteristics; Chebyshev spectral method; axially functionally graded materials;
Timoshenko beam; tip mass

Ty RE B BE 4 K} (functionally graded materials, — AEW R ML —J7 ] & E L6 A8 1L, PH )
FGMs) & — AR S B R S S Ak, e B BIMERE TR 9272, I LA AT LU 1) ke £ SRR L g
p—— oL R SRR
HETE. B5EAILMAS &E 4 (2013CB733004) ; TIHEAFERAERE , Q075 W B AT ; R AT

PP 2 4 (2018M630167) ARG TR TE , Af LAAT B0 1 25078 2% 2H 73 41 )

YEE v AR (1987 —) 9 1+, BRI ST 5t " s . . .
] % PSRRI Z 55 ML, WA 2880 A28 1 P 50




- 144 - MR U

NN AN

5 50 &

IE S35 AR B B L I S Al A R 2 R YR
B AL SO HE (BEIR B ) A TR A A )
W] ) 07 P S PR 1 B N A R B2 B )iz K
T FIBFSE.

DI RERS B AA LT AR BT i b T A4 77 1] HEA T A1 R
PEAZAL , b I 1 P AR A KL S UL S 9
B BOR T R R BON L W T I REAS R, Hobt
Ao T 0 IS T e s ) AR A RS AR
T ISR RE 7 1) 22 Ak 1) DI R A6 B B2 3l g e e e o Mo
keI S4E O SR PO SR B, A3 T Al 3z sh ok
XFDEERR B Euler-Bernoulli 32 (14 ] i 3l 4 14 LA K
St By 52 . Pradhan %L 7] FIF Rayleigh-Ritz
B8 T T EEHS B Timoshenko #1 Euler-Bernoulli 42
IR 2 T ARHE M A LR 2 [ A A
FRAFER. X TR R A 1 il 1) A2 Ak ) ) e
b, b T HAR S O RS R A, PR A B R By
437%. Shahba %" =% i 1 47 BR o0 7 i M i 00 A5 1k
BASTE (differential transform element method ) Xif 25 7
T[] ) RE A )& Euler-Bernoulli 1 Timoshenko 42 [
B AR s Al R e AT TSR, S T ORI
b M T 722 23 X [T A A0 i 53 e oy 28 1)
5. Rajasekaran''® ="' fiT 22 43748 6 5 Tk VR B
T3 5K B B TT ¥ X e A 114 bt 1) B B B2 JE Euler-
Bernoulli # Timoshenko 343 5347 T B & 3h 7>
Br. BRI T — Pk k9 Chebyshev
T 7%, R LN T 34 50 5 8 AT il 1) ) BE A R
Euler-Bernoulli #2401 Timoshenko Z2[4) 3l J12#3#1 , %
T3E AT B SR v RO SRR
FROCA B ATy vk B B

B IR A SE X 0 22 M BT B9 T RERG
Euler-Bernoulli %25 Timoshenko 238473 J12% 047,
T 5P e ey S B v o o 5 R 2R 2 A i
SRR TR I RS X R G A 3 RS IR A A
TR R S R A AN ] 2. R, AR SORE 3
F Timoshenko Z2H i, F| FH B AL (1) Chebyshev ji%
Ji %0 52 300 2T R AR AT P ) D R B 2R )
JIFRAE AT ORI, Horh A2 Je il SR A5 P I g 3
PO MR AT AL, DMETEARN T T R 4 sh
JIFITRERIET I RS R AR R GERY EAT
AR BAARLAR , S 7 X8 A A Ao B8 5 5 T A8 Al 3 B
Hh 5T 1t S SRR A T o AT RIS

= X

1.1 REzeE5HEE
IS T Fr R R 1A% T il ) 2 RE B
JFETE AR P 1 22 (4l ) RS A8 Ak, BRI PR

SIUIREE 6 YRR E ETE p , LU A 1
AT AR AR o B PRIER.

b y
p=p(x),E=E(x),6=G(x) — b,

E_x Hl;

hl

B 1 EE T e DD R A SR
Fig.1 An axially FGM beam with non-uniform cross-section
T Timoshenko J2HIE | 7 [& 55 1) 48 JE Fl 7% 5
B A 2R, AR SCHR [ 15 ] Al 45 Timoshenko %21
BN

h,

0

T = T S + Tl'()[’ (1>

trans

Horpr

T = 3 [poaco (20 g,,

T, = %f;p(x)](x)(aa(a%t))zdx.

PREN
U = Ubending + Ushear ’ (2)

1/ 2
Upenting. = TIOE(x)z(@(M(a%L‘)) .

Ugjerr = %JLKG(x)A(x)(aw(a%t) - a(x,t))zdx.
Kb w(a,0) N RIRNOIEL ; alx,0) HHT
T RS « R ST U R W
AR 1B RS Lagrangian AL = T - U .

1.2 BHZhHEFRE

FIHISCHER [12] wh e i 2 Y Chebyshev
Ty Al e DR BE R AR TE AT B L, AR R
MRS 2 28 Largrange J5 RIS RGE8h 17 7 L.

HR 45 Chebyshev 1% 777 , X FAE B AEE Il x e
[=1,1] BiEZn] S A5 al BUE R y (o AR
HI Chebyshev 2230 A 47 18 i :

yu(x) = l/:)aka<x)-

Kb N R 20008, T, (x) 85 k3
Chebyshev Z2 10X, K& T SCHR[ 12 ] v i) ek B0 T 7
B, IECH R y(x) 7E N > Gauss-Lobatto 7 25 |
(M, TT LA n B SR i

y" =L,V Iy =0y, (3)
X, @, 4 n B Chebyshev AR, BEAE, X T1E
S [, ] iEse el 5 HAF-J7 Al B A pR AL
Slx) L g(x) NN Rl

[ fore(xrar = £'ve.
Vg N x N i Chebyshev NBURRE £ g 7351



5510 4] R, A

AR A D RERR RE R Bl ) 2# b - 145 -

PREL f(x) | g(x) Y Gauss-Lobatto 35 55 (B 1] [n] 1.
BEAR, PREL f(x) L g(x) KT PRECA(x) BIIMALHN R
AR N

[Foetnod =f Vg, @

AV, BRTHEE A(x) 9 N x N Chebyshev Jl#%
PRSI e, 5 SCHR [ 13 AN [) 1 J2 SCRik [ 12 ] %] &
Bt R RN N B R AT T BT S, B4t
S IO BRI R R8N 1 i A

%

flx) = E(x)I(x), g(x) =kG(x)A(x),
m(x) =p(x)A(x), s(x) =p(x)I(x).
HRIE(3) L (4) ARE (D) e f= (2)
PHERIRN N
U=1a' IV, 0+t QIV,0m-
2w' Qf Vv, Qa+a Va), (5)
T = %M 0"V w+a Va). (6)

X w . a 735 A0 RE w FIEE M o 76 N 4> Gauss-
Lobatto 75 g8 FREIN & ; V, V.V, .V, 358 KT
PRAL (%) | g(x) «m(x) Fls(x) BOMALABUE R
%185 (5) . (6) , FIH] Lagrange J5#s :

AT DAAS 3R 1 10 A s £ 7 485 T et 1) ) RE B
Timoshenko %% H H sl A9 & 7 72

Mg +Kqg =F, (7)
Horr

07,0 -0V,

|

2 WREH

R T i b Ak PR A 2 25 8 5 5 Je ) B SR )
A SCR PG FE 50 (7) Prliad i B iR
Bt s 230 F A

1 T 25 280 AR R Bl ARk s, o
AR ARG 2 R AL, e, I AT ER N ]
HARITEREIH 0 19 N 4if71m) . X PR 24t
AT AR i an I

Bq =0, (8)
KA HERE B 4750 M AR T 30 F 50 A5, 11
L XFE 2 (a) dRgLEtE RN 4 A0 5
A, A

d (@)_ oL _
dt aé]_ aq; ’
*1 FRBAREFGREHZFRIERX
Tab.1 Formulas of boundary conditions
LA EGIBAFM (v =0~ = L) BHOBA S = N8 = 1)
f#i % (Hinged,, H) w=0, a =0 ew =0, eQa=0
3 (Clamped, C) w=0, a=0 ew =0, ea=0
B i (Free, F) o =0, a-w =0 €0a=0, e(a-Qw) =0
LR S kGA(w' —a) —kw =0, Eld =0 kGAe,(Qw -a) —k ew =0, Ele,Qa =0
FH B A ST A Ela —ka =0, kGA(w' —a) =0 Ele; Qa -k, e;a =0, kGA(e;Q,w —ea) =0

B2 EMTENREG

Fig.2 elastic supports

e, 0

0 ey [w] —Bg=0
e, (kGAQ, - kD -ekGA|lla ’
0 e, EIQ,

P T N x N FALTRERE. [RRE 0 T s S04
PRSI

ey 0

. )=
0 e, (EIQ, - kD |'a
e,kGAQ,  _ ¢ kGA

FFHRER (8) o M ALK R (7)
I ( 2N dEfm &) B2 2N — M 4E2s [a] v i e i 5
nfLARR A

q =Pq, (9)
K. g J92N - M 4B, P g A 2N 2= A 3
2N - MYEF2SA]HY 2N x (2N — M) AEBCEHRIE, IniE 3
fiis. H P o] LS X R B (R)ar SR R A5



- 146 - MoK BT

s

NI

5 50 &

MANUF 54 Bg=0
PR

T T

L

2N-MYfE=E A
B3 mIEK
Fig.3  Projection matrix
B (9) A (T) Rl 75 20t fn i 7 25 10 )e
OB 6l 2 o DR
Mgq+Kqg=0,

2NHE=E ]

Hrr
M = P'MP, K = P'KP,

SRR RGBS W RE R, B M X AR, K R
XFFRIE. SR AR S 1R10E R AT 3545 AR GE A 05 5
BESIRAABE AR g , PRI (9) Af 45 AR
B 2N Yz 6] P A3 B0 g 8 SO kT L
D7 AL A B i AR, HLAEHE S R K
PR D7 REI 0T 5 I8 B AR i AR A A 1R 5
R AINA 5 25 A A 1) 05 A T Ak L.

3 HKEEB

S B 00 A S R TE B £
T 13965 AT IR 25 %6 bR R 2
AR I R RS ) R .
fEt s BB bR Zr0, 1 AL GFIBE RIS
O, U P 546 B AL
T(x) = T, + (1, =1) (%),

3

A(x) =A0(1—c%), ](x)=10(1—c%)-

Kb T A RUEYEp VE G55, Thrz L a g3l
FAREZxO, F1AL 5 A S0 AR 5 TR RIBHERE, R
b0 x = 0 4 CRIRR e ) 5 ¢ SR A2 AL
n o REORL B BE 4R B B E. = 200 GPa,p, =
5700 kg/m’, E, =70 GPa,p, =2 702 kg/m’ , R
BB REFE T sy A 1) A2 AR AR 4] 4 s,
RIS SCER [8] X, L — S

Iy PoAzl4
r:AOlz, W = w /EZIO ,
K r WRWAMK I, w R — 0 B 4R B
r=0.01 FE IR« =5/6 JAM Y =0.3,
MBS RS n = 2.0 . RN AL 3 AR
P T R E AU, G5 R NE S 53K 2 P,

K5 NS - A (C-F) R pF A2 ik
# ¢ =0. 1 i} Chebyshev T LR 4R A WS,
M) U B R Y Chebyshev Z2 35 (3 %L N
A3 K, 2% i ] 0 3 WA S T A L, 2 T i Y
PRI N = 12 BImp i R AR B EOR. AR
2 PRI 2R 12 B Chebyshev Z2 32, Hit
TURGE S SCRR L8 ] R 30 AN I A 25 R W) &
ARGE Bl T AR SO 1 B IE R T

200 <

B4 REM R EE RS RS D E T

Fig.4 Young’s modulus with respect to different n

50
40 /\//’,1 st+2nde3rd+4th
30 - /"_,\: ------------ - TR - EEEEY-SERRRY- S PR S )
13 °
20
10
0 " L L " L " L L J
5 6 7 8 9 10 11 12 13 14 15

N
BS EN-MEAHREITESERKSE

Fig.5 The convergence of dimensionless natural frequencies

3.1 HES5HEEEZMm

AFE 2 1] LR B R T — P A — 1 A
GBSy TR RSN E NI T NI I e eR RN
SR T HAR Y 40— 1) [ 4G 400 R 15 236 B0 0/
. X T W ] S (H-H) FT0 3 [ 52 (C-C) i1 5
SR, 25 BT 2N — 1 [ A 0 23 34) ol 2 AT R b R 1
NI %)

R T AR 38 T X B Bl S 2R AR R
K 12 [ Chebyshev 202, 7R AR LR ¢ = 0. 1
ITEOLT B 6 ~8 45 T ANEL AT, M RHBR
JEFEER n X6 T DU B £ 40— 1) [ R (R 2 . R
ATLAE X FR TR 321 5 540, BEAG n I B,
I PY B 40— ) [ A A AN [l 52 . AT 6
ATLLR I, B B — B B A JBDRAE n = 1,35 B,
NN E A RIS w = 3.966 93 SR 5 A
A R E. (R A B0 5 D) 35 52 S0 B 14
ke ss. XYL T B R, fE e B — A iR 0 #
FHER BEFEEL n i L — B [ A R BUS i KA. A
Bl 7rpoa] LR 3, P v £ S22 00 AiG D B 2 — 1Y) [



5510 4] BRORT, A SR AR 1 S R E S Bl )12 Sy - 147 -
ARG n (ERSG TSI K 8 rhal LUk AR R BN B, i = | IO B i 40— ) [ A7 4
B, B n R, PR S (] S % B VP 4 — ) [ U 52 LA A 4 i

R2 TREBREHEMBETUETIHENER—HERHE

Tab.2 The first four dimensionless natural frequencies with different boundary conditions ( n = 2.0 )
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Fig. 6 Dimensionless natural frequencies of the cantilever beam Fig.7 Dimensionless natural frequencies of the hinged-hinged beam



At

- 148 -

&
&)
e
5

5 50 &

13.0,
12.5
12.0
1.
26.5
' 26.4
26.3

1

43.5
" 43.0

42.5
1.0
60.0
59.5
59.0

58.5
1.0

g

(=]
K
W

B8 WinEXEEN—HEFHERE WEWL
Fig.8 Dimensionless natural frequencies of the
clamped-clamped beam

3.2 EMEEBREMm

AN O JIT 7 I L A L A T A 1 D BE A

J& Timoshenko %%, JH— %ify Ay [ 5 ¥ , 53 — ¥ A 5Pk

AP 8 R — SR
kP

K

t EOIO’ T EOIO‘

B9 ZHEHEI)EEREE Timoshenko F2H93# 14 25 5RAKEY
Fig.9 An elastically restrained axially FGM beam with
non-uniform cross-section

K10 11 iR T RV ik S8 K, FiE % i
ZHROK, AEM BB AR B n = 2.0, BRIAE LR ¢ =
0. 5 X0 40— F) [l A AR A9 520 AR T LA B,
5 I 20— P ] 0 3R i 5 2 3 2 B e AR A
e, e AW W (L, AR RS OB FE L i A
ASE AR 10 11 5 b rpmT UK B, T 93 8 1 2%
B A T P2 P 8 T 5 82 A L £ 20— ) [ A 3
A TERA RS, ELE 5% 7 B2 P o A IR 2
R A — B AT TR B MR . AR 3 AT LA
B e SR RN 5 [R] NN, B — Y
[ A7 AR T R R SRR TR (L, 4 9 M B TG FR K
IR, F5 40— (1 (] A 900 30 T 1P i [ 52 2 ) L

50

4.5}
4.0

-

10

pmm——

10

B 10 REEEEAREFGTEEHRENTL
Fig. 10  The variation of dimensionless natural frequencies
vs. rotational spring restrained

®3 HEHARTHIIEMEN —HEFRE

Tab.3  The first four dimensionless natural frequencies with an elastically restraint
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BT ARMIR(ES/ ) £l 52 XHZHRERPKRBEATFR 0 HEHZ A RA B K30k Dk
AMEFNHA T HBREHAE, ZANEHGFEHENER WA TESEBBEN RN LR A KT %, A
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ZHARKRN BB N KD E A TARBENRIRITIL VAR ETERF 2 HAICEENAKE)
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