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Calculation of the dynamic responses of a dry-friction oscillator
under harmonic excitation
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Abstract; In this paper, an analytical method is presented to calculate the dynamic responses of a harmonic
forced oscillator with dry friction. The friction of the oscillator is modeled by an Iwan model with finite Jenkins
elements. As the force-displacement relationship of the oscillator is piecewise linear, the motion of the
oscillator is analyzed interval by interval. The vibration equation in each linear interval is given and the
corresponding analytical solution is derived by use of variable substitution. The initial values of each interval
are obtained by the continuity condition of the displacement and velocity of the oscillator. Combining the
dynamic responses of these intervals in sequence forms the dynamic responses of the model in the whole time
history. The simulation results show that as the excitation amplitude level increases, slipping occurs in the
contact surface which makes the contact stiffness decreased, thus results in obviously left shifted of the peak
amplitude of the frequency response function curves. It is also found that the equivalent viscous damping first
increases then decreases with the excitation amplitude level.

Key words: dry-friction oscillator; Iwan model; piecewise linear; analytical solution; equivalent viscous

damping

SRLEA R KRS S FUUMGE S W GERt R o < R S PR L, 2R T
WA O 2t A R A R A ks ORSE R IE ANMU R SR ORI, A R
WA MO B (Micreslip ) # 2 2B
WEEEHE: 2012-11-19. (Macroslip ) , 5 22 A1 B %) T B8 #6272 45 #e BHJE 1 —
ESWA: HFARRAEETEITH (51375109) ; #/RIE Tk AT UR , Rl T B4 L B e 2 0] S gk

K RHIT A 5 524 % B 0 H ( HIT. NSRIF. 2014027 ) ; o . .
*g@iﬁfﬂr%%ﬁ%%ﬂbiﬁ H (2012M510971) ; 2 FABHLIEI 90% * . i T3k Fi e 8 22 A i Pk

VIA LR 4 VEB T H (LBH-Z11185). AR JRI TR EE | DT 2 52 Wi R A 2354 B 3 g = e
BRI TARI(1944—) B, 8082, WL . To Zh AW . DR I, 7 PR AT A T 4 b

EBIS1EE . XU, liuyuan_hit@ hit.edu.cn.



514

EARM, S T — T BRI T A MR N < 13-

I, e BN AL 0 7% ).

JEARASE AL 2 — ] B R R BE SR AL 2 2
W32 I FH T4 3R P AL B 4R i e e Y A
Rt B rhL X g7 A T AE AT LGB B 2 Den
Hartog"*' b 25 YR IT 3 1 [) B 25 47 JE 48 BEL 2 25 1
R BHLJC 25 10 4R T R S8 RS W B Lee 2600 31
BT A — D BEEEE R B I SX R T AR
itk , FIAE HEAR FE 45 ) I PEAR BRI , 15 2 i £
AT EA R 5 LR W) & Ding S 4210 T H
TS A G EEEIL e as 0 5 H R T R 5
Wi 157 F) e AT 315807

PEABAREAY HLRE FH R AR 1 fi Ty (4 A s R A 0
FARFSIRAS TS REF T IR T B RS M 92 B
b TR AN R W g RER R
HIFAZ I M % G T % |, Bt 45 fH
Je M EER IR HA S5 RE g R Hit
HRMIEOE. BT, NS E C LR T Z M)
DA AR 42 ol 1T 7 1 A% RO B8 AR i R AL A
Twan B0 Valanis #5590 DL &2 Bouc — Wen 5
R AE o Twan AR iy 0 R TR B0
UEAF R G, B9 2 W T W5 7 R 45 0%
BELERY I F1 247 R AR S ) & 1 (a) F
(b) Zr iS4 M Twan B AU I HE Twan 455U 44 Y
R 2 Twan BERLEH N A Jenkins BAICH:
BRI, B4 Jenkins BA TG (HLHR A XL P4 38 A5
YY) R EWIEE S &, 02 s R Jiwt I 0 ( Bl
FEAET1) 04 f;" BYPEARIEE R A 3 AR A IE Twan
BAR 2 AE 22 Twan A5 7Y () JL A 1 9 B¢ — A 5 2%
TR R, B T B Jenkins 59T 19 Ji ik 67 7%
x, (%" =f,"/k;) AL Twan BASAT DLHIR
TR E AL B R W AT 8 (AT Jenkins BT
AT Bl ) R AT N (BB 43 Jenkins FRLIT )
Hah).

(a) 2 Twan FEHI

(b) BIE Twan #R
1 Iwan iREUREE
A SCWFSE B S B A BRAS Jenkins B ICHA B 1Y
Twan ASERY {4 JBE 82 40 75 17 9 D30 T A1) o 17 5K A
B X 2 B e e 9 IR 7 R 58, 72 SCHR [ 6]
WOy AL b 2 T RTIEEUR T R T AR Ge

IO FRPRS B AR AT R A 7 1%, 9 0 M 2R GEAE AN TR i 2
FOSMNEIRN T (43 T3 A e A BE e 45 .

1 BEERTFEARA

ARSCHTSE IR TR AN & 2 frs , AR S M
FE kb, REVEBE o, BTfa e m B4R+ R G0 7R ]
WU F,sin(wt) B9VEFTT, o0t B i B S5 T
BB iR R x T Twan BRI G EE 182422 ik
FRAY DL 3. JU; A Twan B AT 35— BERH.
R IALRS. REEIZ S T FE N
mi +ex +kx + f(x,5,{u,})=Fsin(wt). (1)
Hp o fu, ) REEHAVBENES f (v, {u])
J& Twan RS A 14 foh T BE 45 ) eR K0, AT

No(k(x —w), lx-—ul <«
Sl u )= 4 .
i=1 | f sgnx, | x —u, | =« .
(2)
k [—Pﬁc

— F.sin(wt)

e i)

B2 RFEIETEE

W k. |—> X
, [
. m —» F.sin(wt)
. I I I ]
—

B3 & Iwan BEEERKNRTFER
AL T AL EPIRAS I (B ITA Jenkins FAITHIA
), RGN SRIEE N
k=k, + 2 k..

FIA T TR NS E

/k ¢ t X

T: —_— :w N :7’ L :7’

m ofs Y F, ¥ F,
k k

LLl- c
z :7, Q: § = y
E o, vmk
k
k k N
K=" K=" F i
k k F

MBI ENEH () N
y'+ &y + Ky + F(y,y', iz1) =sin(0r).
(2)
oty iy 4R ¢ 0 7 B — SR Py,
y', Lz ) N TCH AR T R BN R,



- 14 - MoK E L

5 46 4

Ly -z 1<y’
ly—zl=y".

(3)
2 w|TWMIUEHE

M (3) ATRLE Y, il AR Twan #5080 v Az
JE R (3N ) 19 Jenkins FLITHECE , IR 1400
B (PRTHSE IR )/ BB (RT3 N 7))
TN N + 1 DB, 2l 48 S,,8,,S,, -,
Sy, b FhRi(i=0,1,2,-+ ,N) X NTEZIB 5
BB ) Ji I 1Y Jenkins 55T 1Y 80 78 B B Bt
W IR T RS AR 52 ) 5 B 56 FR 2 etk
() AL SRR AN RN T, 4 - S SR 28 Py I g A )
O AR AT R — UOn 2/ ) sk A v G AR A fik
AR 3, RGUK T & 24~ 1a s B B A
— AN A/ B R R — A B By iz 3h kAT
J3HT.
2.1 BMEMIEZFE
WA Jenkins BT (14 i IR 057 B e /N B R

HEZ, XS FAE R ST B S, , To i 200 F% ik 12

Ly =z | <y, 1 =03

y' <ly -z, 1 <y., 0<i<N; (4)

Do<ly =z 1, i=N.
2 il TR PEE 4 7 AT 5

F(y,y' izt) =F(y' {zf) + K"y (7)
EavG F(y', iz1) ﬂ‘:’ﬁ'ﬁ@j,[{ims Fbr B S, H Iwan
RRRL TR A I RE P25 43 31 A
- > Kz, =03

j=itl

i N
F(y' iz})= {2 F seny' = X Kz, 0<i<N;
=l =it
EF/* Sgny’, i:N.
j=1
N
Zl<j’ :=0,1,--N = 1;
K™ = {i=i+1
0, i=N.
#(5) AKX (2) ,BBIB B S, Wiz shr
H
Y+ & + (K, + K™)y + F({z])=sin(0r).
(6)
Sk, =K, + K=, I8 AR ik
F( %zi} )
y=m- 7 . (7)

ﬁ~£$@=ﬁ;;=£?Mﬂ%ﬁwHﬂ%h

T — e
n' +2fom +® n=sin(0Qr).  (8)
2.2 FEBH—MRER
BORTE 7, B2, 323 ABYEE S, W2 (8)
A T 5 T T — AR =X

n(r)=n,(7 -7,) +7,(7) (11)
Horr m, BESTR Y  m, MARASESY, BEATS AN
_ 772‘ +§i@ﬂi
(1) = et |:77i,0(305<a?i,i7>+USin(a%uTﬂ ’
@y; '

n,(7)= Bsin(Qr —¢,).

A
2N,
W, ;= QM, ¢, = arctan e
0 1
Ai = Bi == s
i k(1= A7)+ (24A,)°

MRUIE, 2 A, = 1, B, KBRS 1/ (2k4A,)
IREN 1/ (£0).

MW, 5 ', TR, ] SR AH%0E 3
B B AR RS 20 B () B AR AR (7) AT i —
ERABBIH v (r) MBI S, BIRT—ANIE BB B &
G S CL R Pl R RS A 7, A I VSR | 2
GyRAFHME .0 T ', 530N

_ F(%Zz})
M0 =y(7,) + 7

-n,(7,), (10)

0 =y"(7,) _77’,;(7'“)- (11)
2.3 EBRRUBETE
F(10) AR {z,f FAKEF KA AL Twan £
BRI Jenkins FLTCHE i ML 7S M/IN B AR UK i 44
R Ty Ty, IS, ARSI /G AR
B I 2RI A S ) 220 3 SRR 1E o 7, . W 7RSS
SrEE S, 1, Jenkins FIT J, 2 J, B, HARBIAE
TORGHPIRZS X AL TR RS 1 BT, HCEERH
TEIZ W BOAT: 38 I 20 (9 (5 B {5 280/ ) 28 9] s i
ZIR LA AR ) -
(1) =2(7y),j=i+1,i+2, - N
(12)
X T E Wi soT, 76 S, g sh i fi % 54k
TAEZB Bk iz sh i A AH ], PRk
Az(1) =2z(7) —z(7,) =y(7) —y(7,),
j=1,2,- i (13)
A (15) KW U/ HEGE e, Witk
i 220 % JEE BHL Fr 8 A28 (B GE 2 2 (10) AR K /Y
{2}, PR HORG SR A a3 S 2 2 Ja IR B 56 v B
P BRLRS (R E AT AR B M A4/ ##ad R b, Ik
FEBENE T S, 8 S,(n < N) Wk B, H



514

EARM, S T — T BRI T A MR N <15

2 (1) B EEA(13) AHER T 7, W2 (F—
AN/ IR Z]) £ BERL A B BL RS (E N
2(70) =2(7y) +y(70,) —y(7,), i <n,
(14)
2(10) =2(74), i > n. (15)
2 (14) o] B Ay B 0N 2/ 8 258 i AR TR
BE (A AE A BT T 2 I 20 s BEBE e B 62 7%
(B0, DB —Nfin 28/ 0 8800 AR N IR T IO AL RS
FERSRAT R — > H18 INad FE 1 i 20 e BH
MR T A (14) ~ (15) R4, RUGEHER
itk B TT HEA A I A o 7 AR AN 28/ )
AR I 22025 A EE R A B L RS AL
2.4 MEFEBRIZIFEHE

B 5 W B B I) 220 sl o 2512 Bl B B
AR iy Bk 2] R S I 22, 40 (9) ~ (11) Ay
7, ZMH W AIR S AR RS BE. ARG (4) A
R s gk BB S, % A HAE 3 B X
BAFTEM R B0, 4R

Ly —z1>y",
j=i+1,i+2,-- N.
B A BB S, L
y' =0,
i=1,2,---, N.
WIFTA Jenkins BLIC A5 1L 3, B BhHEA S,
R T IR A A ], FRATTAA T T e AR
gi(m) =l y(1) —z(m) I =y (1),
j=i+1,1+2, - N,
P&
a(1) =y (1), i= 1,2, N,

ANHET Y, B0 S R AT 0 N 220 S B b gl -
g, (1) B g,(7) BIFAE XS B I ZUE, IR
BISASR R g, (1) =08 g,(7) = 0 IR e — 20
AT R N RN g, (1) R AT F(EH
SR MRS S5 iR RS F, it —
LA g, (1) AR F WEF AT B S, , an
RARF MBEAT T — 2535 1 A5 R 1
PR BRI B B TRE,  g, (7) B g, (7)
b T AAE RIS, BN A) ik e %
(BT X 0L g s 20 0.

AT 3 A3 FEANME T H | A SCHR H Y 7 12
JE— M OB AT 1 X o Be ki s U R
(2) #4773 Beor A, 74542 3 [y Be A i3z 3 05
T (6) AR, i 1 AE R (K (7)), (4R
o T ARIR S 5 R R AT A (9) |, X RE TSR
P AR N IS N A~ B Bz 20 7 72 09 S b e, B 4K
AT T ORI E R RGN T (9)

LMEDTRE (8) SE ARG HA B AR AT | 1T D7 A (8 ) Sl
X TR (6) HEAT AR AU AT B Y, A2 A
IAEGIABRZE, HmHE (9 RAMHK(7) Br
PR AE 2 T7 4 (6) BORG f ff B it e L el DL, 4
B Bl Wt 2 BEAS B 5 % , e 2% B B AKORS B i
A AL SR T IR 7 8 (2) B iR 5 2 A
1By B B ) 220 B i (B 7 T, X
AR AL G2 A MU R 22, AR ZE R/ R
Je BRI IRZEA IR R 250 ) BE . It X
LR o BE- AT 5 BOER 22 DO IR T8 5E [ Be e
He 2 AU R 22 | X PR 22 AR B0 /N TR i
RN AR 3l 75 F8 B0 3 AR BT Dk (Al o
5 NS AT A ) T BT R R 25 AR
(ELJ7 AR EE CHNRT DY [ e A6 12 3 ok 5K i T A
(2)) %" s B~ ikl 45 451z 3h By Be e
Xt RN 5 R AR A A AT A7, DR Ik L BB (EL D7 05 SEOHS A
Pl . s VLW, 4 Jenkins HLICHCR AR R
R TIssm, ik 7 R GEA MR Bkt &
GE, X AE BT AT AN FRE .

3 BRI RERIT®

B Twan BLAYH Jenkins BTG A W BE A1 Al
PRSI TR
ki, =k, xi* =i X xl*'
BAIZHLER 1.
*1 ERSH

N K, F/N 0

m/ kg k/ (N-m™') ¢

%"/ m

1.0 15 791 0.05 4 0.2 15.791 1.0 5.0x107*

WO RSECFR 1 bR, i B A A
T HESRATHIR 2 30 A A T 402 7% | B A
JEEAEE DI ] i AR AN ] 4 s AT DL H
H1 T EESERELJE 2 ), (1 R Gt iz shAR PRk A RS
A5 E 4 R FEE I RS B Be— 1A
Sy SR ORI il e R (81 Ay I B 4
ROV I TEIZ B B T 7 — >y #)
ot R T S, 21 S, 195 s B
P AT, g 46 U 0 B it O T M 2L
G PR TR X2 th TR E ) AR A 2 W
SR iR, A I B B A 6 5 | kS iy 1 B2
AL HR AR, LAIEL 5 A % FEE 38 1 53 il
o ALy A EARE] T A 6 s 43R i B it
2, MR RPRIER R TR B3 BN R
M ARBA . 7E S, BB, Iwan BBV J1{E N E
(B, Iwan BB NI EE R 2, K W] Twan 152 8Y v iy £7
Jenkins FATTEJE R , BEARIAL T 72 0 B B Bk



16 - MoK ®E T O k% % R %46 %
or RO SCHR 17 FP A SC IR AS St B T I (L
2 oAV ekt e e s 6 2 T
<, . . . . BORIHSE Y T Twan B9 i — Z 91 Jenkins
5[ BT A, BCECBELJE P 5 A Jenkins BT
~ o\ VAWV e e 2 e 566 £ 25— A Jemkins 12
3 ' ' ' ' T 1E T % A R 3538 5 T
E“O/\/VVVVV\NV\NWWW\/WWVV\N\/V\J E 8w, EIh A SRR IE. MR IR A o B,
Jenkins BT EERORETERELE
o 50 100 ' 150 ~ 4f7 (A =)

4 RFTENCLRE . EEFRE 08 72 E

[ So S S S S, Sit Syt S50 S,
~N 1 r
: -
LY
QO;/// AN
1 —y
o -
= // g \\\
—2:_/ \\w
171 172 173 174 175 176 177

B 5 RFIREMER—AFEHAGRE  E N EE R

1 2%

1.0}

05t
/Q:
1\:0
>
=

-0.5

-1.0}F

-2 -1 0 1 2

E6 REBARBMR

Bl 7 52 A (a0 ah i (8, 0 ah AR TR
(0.1, 1.5 X [a] N R+ 2 40 mm Jog i) i 4 it £k 1]
i,y =F /1.579 LESRER, My = 0.2 0F, Hig
AR LRI L IUTE 02 = 1 46, B 20, E4F45 T
B, WA 1/ (£0Q) , RLEILTRI T, B PR30
BN F(y', 1z )) ¥AE Rk — G4 T
So BB, PRI ¥ iz 3 2 58 4 2 1 1. w0 i A
i 2 = 2R 1 Y.

Fo A P e i il 2R R 2 B BE 1l g R A
K, MR B 1 2 | 3R B0t W B2 R AL AR A, L
Ji TR S T G L. DR O i R R AR T IR
Jenkins FRITHNZS | 52 G I 2 128 okl et Al B A &] v
M AT 3, I VRl 0 (P38 R o A4t 2 g g
{H PSR K, R W R G b e bl = Se i/ 5

XA SRS 155
dc,. A (207 —A)
0A - TwA®
AL, TR (", + ) e, B A 5G4
JEU 2 A B 20, B e, A RORAE N

b

cmax — fv:
T mos,
20—
15F
o | T
iﬁ‘é 101
st
0 B OT ' ‘ I I ;
0.2 0.4 0.6 0.8 1.0 1.2 1.4
0]
B 7 TRREERIMHB T B R TF0m R B RS &
A/
f

8 H4 Jenkins BITH)IRIF & REE

M Twan A7 (1) S8 50K 4 FELJE R

Cﬂ[ = zj: Ceq’L.

AL, Twan B8 A AERIORGM: FHE AR 25 e 25 PR
BT SEHE RGN y = 15 RpR iAot th 2% 1
HIRAFDGINERE Q= 0.4 F10Q2= 0.6 LLFTRFR Y
TS B riR i AR AN 9 R vl LI, fE—
1 Sl E A GRS E] Y Twan A5ERIANTE 22 W AL B
BRI S, BrBx) R BRI AR 5 At 3R i 58U ()



514

EARM, S T — T BRI T A MR N <17 -

AR 8) AL, HARBFIZ KT Twan 54
ARSI R J, BB IROZ RS B 2 4% , DA H:
R G A AR N %

1.0
—'

-1.0 .
-6 -4 -2 0 2 4 6
)
B9 L y=15,02=0.4F1.02=0.6 Ft45> 513} 5 89iR # R
4 %

EEXF TR T — 285 Twan B2 1Y 73 B 26
PEIRF RGMAEL EIR B AL, $2 10 T H TiH5A
FRYGN N 1) < a3 B — AT vk 3 A e — SRR
fife, A3 AR B T 22 G0 7 1 B ek ptfy 28 R e A i 2.
FE RN T G BT 3 1 B A ) 2 Ve (B e ) A
Ti#% , (1145 Jenkins FRICHE B BT B0 WIRE 2R AL,
PR3N TR 55— 7 1, EEE RH JE X 22 G2 Ml ;5% 1
AR I 5 . Bl 5 VAl ) S 38 L T R L 5
VNI Bl K3 3 X R A Iwan B [ Jenkins B
TGRSO PERBELJE 431, 15 21 R G0 S5 Ok MR e
Wit A1 8 P 38 DT S 8 5 /0 , AT fidf B 1 s At
2RI A= 3 b A2 Ak 1 i DXL S s SR AR A
3Bk IR R 22 50 e e g SR AL T — A Ak
AR S5 T AT gF— 20 FF 8 OC T A e BE 4 e il
S0 SR I AR LM IR B T BT

2% Xk

(1] BEe, PR, AR, S0 BENLIEOE T AF ek e dh
FOSR ST ST €1/ | = e 4 TR A
SPGB L) IR hE 222 o 5 1T
PRl 2R 2% 2004 405-411.

[2] BEARDS C F. Damping in structural joints [ J]. The
Shock and Vibration Digest, 1992, 24(7) . 3-7.

[3] IBRAHIM R, PETTIT C. Uncertainties and dynamic
problems of bolted joints and other fasteners[ J]. Journal
of Sound and Vibration, 2005, 279(3/4/5) : 857-936.

[4] DEN HARTOG J P. Forced vibrations with combined
Coulomb and viscous friction [ J ]. Journal of Applied
Mechanics, ASME, 1931, 53(9): 107-115.

[5] LEE Y, FENG Z C. Dynamic responses to sinusoidal
excitations of beams with frictional joints[ J]. Communi-
cations in Nonlinear Science and Numerical Simulation,
2004, 9. 571-581.

[6] DING Q, CHEN Y. Analyzing resonant response of a
system with dry friction damper using an analytical
method[ J . Journal of Vibration and Control, 2008, 14
(8): 1111-1123.

[7] GUTHRIE M A, KAMMER D C. A general reduced
representation of one-dimensional frictional interfaces
[J]. Journal of Applied Mechanics, ASME, 2008, 75
(1):011019.

[8] CHEN W, DENG X. Structural damping caused by
micro-slip along frictional interfaces [ J]. International
Journal of Mechanical Sciences, 2005, 47(8) . 1191-
1211.

[9] IWAN W D. A distributed-element model for hysteresis
and its steady-state dynamic response [ J]. Journal of
Applied Mechanics, ASME, 1966, 33(4) : 893-900.

[10] VALANIS K C. Fundamental consequences of a new
intrinsic time measure: plasticity as a limit of the
endochronic theory [ J]. Archiwum Mechaniki Stossow-
anej, 1980, 32(2). 171-191.

[11] BOUC R. Forced vibration of mechanical system with
hysteresis| C]//Proceedings of the Fourth Conference on
Nonlinear Oscillations. Prague:[s.n.], 1967.

[12] WEN Y K. Method of random vibration of hysteretic
systems [ J |. Journal of the Engineering Mechanics
Division, ASCE, 1976, 102(2) . 249-263.

[13]OUYANG H, OLDFIELD M J, MOTTERSHEAD ] E.
Experimental and theoretical studies of a bolted joint
excited by a torsional dynamic load [ J]. International
Journal of Mechanical Sciences, 2006, 48(12) . 1447-
1455.

[ 14 ] SEGALMAN D J. A modal approach to modeling
spatially  distributed  vibration energy
Technical Report No. SAND2010 — 4763 [ R ]. New

dissipation,

Mexico; Sandia National Laboratories, 2010.

[15] ARGATOV I I, BUTCHER E A. On the Iwan models
for lap-type bolted joints [ J ]. International Journal of
Non-Linear Mechanics, 2011, 46(2) : 347-356.

[ 16 ]QUINN D D. Modal analysis of jointed structures[J].
Journal of Sound and Vibration, 2012, 331(1) . 81-93.

[17 ] JALALI H, AHMADIAN H. Identification of micro-
vibro-impacts at boundary condition of a nonlinear beam
[J]. Mechanical Systems and Signal Processing, 2011,
25. 1073-1085.

(%3 K R)



