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Research on upper and lower bounds of controllability index for directed networks

CHEN Peng, LI Xiaoli

(Shool of Information Science and Technology, Donghua University, Shanghai 201620, China)

Abstract; An important prerequisite for the study of network controllability is to prove that the system is
controllable. The controllability of the network means that the entire network is controlled by applying proper
external inputs or adjusting inputs to achieve the desired state. The traditional way to calculate the control input
nodes of directed network is to solve the maximum matching of the bipartite graphs corresponding to the network.
However, since this method does not impose restrictions on the matching manner of the network node, the node
control chain is too long and the information transfer of the control input is delayed, which affects the whole
controllable performance of the network. The Kalman criterion and the PBH criterion can prove whether the system
is controllable within a certain period of time. However, the relationship between nodes in the network becomes
more complicated as the size of the network increases, so the simple utilization of such methods increases the
complexity of the operation. Therefore, the lower bound algorithm for the controllability index K ( KMLA) was
proposed by combining the Kalman rank criterion. Control node cluster for control input can be quickly determined
by determining the lower bound of the network’ s controllability index. Then based on in-degree of networks, the
minimum upper bound algorithm for the controllability index K ( KMUA) was proposed. It was found that the
KMUA algorithm proposed in this paper could make the upper bound of the K value closer to the K value when the
network reached the K-step controllable. The upper and lower bounds of the controllability index K were verified by
the specific network model and the real network. Results show that the algorithm can optimize the control chain
length of the driven node by combining the upper and lower bounds of the controllability index.
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Fig.1 Simple directed networks with different control schemes
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Tab.1 Simulation results for ER random networks
N L <k> np’ np" nifp gy "hp Kk now
10 7 1.40 0.60 0.60 4 4 2 2
10 13 2.60 0.30 0.30 5 3 3 3 3
20 14 1.40 0.60 0.60 4 3 3 3 3
20 39 3.90 0.25 0.25 7 5 5 5 4
30 43 2.87 0.33 0.33 7 5 4 4 3
30 55 3.67 0.30 0.30 10 6 5 5 3
30 71 4.73 0.23 0.23 9 7 4 4 3
40 19 2.95 0.68 0.68 6 3 3 3 3
40 26 1.30 0.55 0.55 7 4 4 4 4
40 44 2.20 0.40 0.40 7 4 4 4 4
40 66 3.30 0.30 0.30 13 6 6 6 5
50 24 0.96 0.72 0.72 3 2 2 2 2
50 35 1.40 0.56 0.56 4 4 4 4 4
50 64 2.56 0.38 0.38 11 4 3 3 3
50 78 3.12 0.28 0.28 15 5 4 4 4
90 69 1.53 0.53 0.53 9 5 5 5 5
90 118 2.62 0.42 0.42 16 7 6 6 6
100 117 2.34 0.39 0.39 17 5 5 5 4
200 177 1.77 0.50 0.50 9 5 4 4 4
300 228 1.52 0.54 0.54 8 5 4 4 4
R2 EXWMEHEEHESER
Tab.2  Simulation results for real networks

Tl'ypl- NName N L <K> ’lRP n :§M nifp ny Kiow

Graph Drawing GDO1_b 18 37 4.11 0.11 0.11 11 8 4

GD95_a 36 57 3.17 0.14 0.14 15 9 7

GD95_b 73 96 2.63 0.53 0.53 7 4 4

GD96_b 111 193 3.48 0.83 0.83 1 1 1

GD98_a 38 50 2.63 0.63 0.63 4 2 2

Pajek GlossGT 72 122 3.39 0.51 0.51 5 5 2

Citation SmallW 396 996 5.02 0.77 0.77 11 7 4

Electronic Circuits S208a 122 189 3.10 0.24 0.24 14 8 7

S420a 252 399 3.17 0.23 0.23 16 9 7

S838a 512 819 3.20 0.23 0.23 20 13 5

Food Web Grassland 88 137 3.11 0.52 0.52 7 3 2

Seagrass 49 226 9.22 0.27 0.27 6 4 4

Ythan 135 601 8.90 0.51 0.51 7 4 3

Intra-organization Freemansl 34 695 40. 88 0.03 0.03 33 33 33
Consulting 46 879 38.22 0.04 0.04 29 25 24

Neuronal C. elegans 306 2345 15.33 0.19 0.19 8 6 6

Trust College student 32 96 6.00 0.19 0.19 8 6 6

Prison inmate 67 182 5.42 0.13 0.13 9 8 8
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