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Shear lag effect on the cantilever box girder under nonlinear
temperature gradient

PAN Danguang, LI Dongqing

(School of Civil and Resource Engineering, University of Science and Technology Beijing, Beijing 100083, China)

Abstract: Considering the difference of the maximum amplitude and phase of the shearing angle of top and bottom
flanges as well as the equilibrium of the internal force of the section, the two-parameter shear lag warpage
displacement function of the stress balance was proposed. On this basis, the differential equations and boundary
conditions of simply supported box girder were established based on the principle of minimum potential energy.
Then, the self-equilibrating stress of the simply supported box girders at nonlinear temperature was calculated and
compared with the finite element results. Numerical analysis show that results of the two-parameter method were
consistent with those of the finite element analysis, and the calculation accuracy of the two-parameter function
satisfying the axial force self-balance of section was higher than that of the direct method. The self-equilibrating
stress of the simply supported box girder in the nonlinear temperature gradient led to the shear lag effect at the end.
The influence range of the temperature shear lag effect was about 1.5 times of the width of the box girder, and the
stress result was greater than the stress based on the plane cross-section assumption. For the cantilever box girder
with symmetry section, the calculation results of the stress in the span considering the shear lag effect were the same
with the results obtained based on the plane cross-section assumption. For the cantilever flanged box girder with
asymmetric section, the plane section method neglected the modification of section curvature which was caused by
shear force due to nonlinear temperature, so the calculation error of the mid-span stress by plane section method
was still smaller than the exact solution. While the two-parameter method modified the influence of shear force on
section curvature and improved the calculation precision.
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Fig.1  Calculation model of self-equilibrating thermal stresses
in box girder

T PR 5 3 i R 9 % pR A

(147 +D. LR

(y—t,—b-nb)’
1_—
i) =P P

2

~en( 1 =35) DL PR

D, i

) +D, FERE R

(5)



52 1

DL, 45 ARZANEIRLEEBR B AR T 1 SRS SR 5 3 Ak - 105 -

LA 25 SRR 1 1 A
[ fr22a = 0 arisg RS e i 2 e

T4t T 18 YA P B Il o (57 B8
D—i n(zi—zf) —B(n+1)(zi—z§)
T3 b(zy—z) (1 +n) +t,(z,—2) +b(z,—2)"
(6)
EIREARRE LT, PR R 0 B3 aE 1T v %
NHA

I=U+U0,. (7)

AP U Ron R R AR TE 2 45 BT A6 1) A2 g

U, Frn i B AR T $5RE. 76T BEAE T BRIUAT ) g A%
1 HE A

U, = -j cEaT(z)d0. (8)

P E g IRsR AT, o AT R P K 5 8L,
T () Sy LS T v E P A7 B & Ry 2 04 Bl 1) 17 722
YGRS , TR RN E &, BRI &,
T BN &, 7350

e, =uy—zaw +Dv, (9)

euzué—zw”+[zﬂ(l —Z/T)+D]U/, (10)
¥y ,
—bz) +D|o. (1)
X T X R , ARG X PR, B — AT RETT
B9 ~ (T ARA U, 15 B RIFB AL A i AR
e

&y, :u(', —zw +[ —zn(l

. L
U, = - Eat, (A, J uydx — Sy, f wdx +
0 0
!
DA, | v'dx). (12)
0
I L
U, = - Eab(1 +n)[A,, f uydx — Sy, J wdx +
0 0
2 g
(550 + DAy,) [ o'dx]. (13)
3 0
L Lo
U, =- Eab[ Ay, | uydx — Sy, J’ wdx +
0 0
2 L
(DA, = 5Sum) [ o'del. (14)
0

AU, U U SR L3R Sy
WA, Ay = [ T()dz, Sy, = [ 2T(2) s,

21 1

24 24 22
A, =j T(z)dz, S,, =f 2T(z)dz, Ay, =f T(z)dz,

Sy = jlzzT(z)dz.

TEMREEAE T 2k A il ) A2 NS ih A8 I, 22
AN TR ER AL B 17 A2 BE 3931 A

JE AR

P I TR
U, = > fE]W(w) dv + 2 fEAW(uO + Dv ) dx.

(15)

U, = %fodx f]dy Ej(Egﬁ + Gy )dz +

b+t +nb

%deh, dyf:4<E8i+Gvi>dz. (16)

1 1 b 2
U, = ?J'de fodyLl(Egi + 6y de (17)
. 1 L e e e
A, =Etwh3,Aw =t,h,G R UIELE, y, fly,
3R bR B AR A Y AR B
Ju(x,y,z 2
y =S gl ()
ou, (x,y,2) 2
Y ZbTZn%ZU. (19)

e (9) ~ (11) = (18) L (19)FRAK(16) |
(17) W43 2 _E M3 AR AZERE, B

_ 1 Yn  8 s 4
U, = ZEIUJO(W + B —?Bwv)dx+
Lo rd o 4
2E5“f0[3DBv +3Bvu0—2w(uo+Dv)]dx+

)
LEAHJ (u2 +2Dupw + D) dx +
2 0

146, o (s
> 318 jov dx. (20)
1 Lo, 8 , 4 ..
— *EI 2 o 2.2 -
U, 5 By O(W A 3nwv)dx+

/
%ESb Jo [ - %Dnvrz - %nv'u(’) - 2w(u0 +Dv') Jdv +

)
%EA,JJ (u? +2Duyp + D) dx +
0

1 4G !
5 h [ s (21)
KA, =10 +nbt,,S, =Ah,, I, =t,bh> + nbt,h’,
+ +
h, == 2 “ A, =1,0,8, =A,hy, 1, :thbhi i, =" 2 ZZ'

D FFF B HEE S
nmn=v,+U0,+U0,+U,+U, +U,,

. L 2 -
IT =-Ea[T, fouodx -T, fow dx +?T3 jov dx ] +
1 "2 1 2 1 2
5 jElw(w) dx + jEAqudx + jEAWDv dr +

!
J'EAWDv/u(,de + LElS w’dx +

2 0
L (8 L (4
2E[52 15" dx - ZEIsl fo 3wvdx+
146, (a1
) 3b21§2 J'OU dx + ZEA’ fouo dx +



- 106 - e N

NN AN

552 4%

1 Lo 1 L,
7EAsl fOZuOv dx + ?EAS2 K dx +

1 L4 1 4,
ZESSIJO3uovdx+2ESS2 L3 dx -

1 Lo 1 Lo,
S LS, jozuow dx - S ES,, jozw Jdv.  (22)
:T:ﬁl:,:] : Tl = twATw + bATu ( 1 + n> + bAT]) ’ T2 = [wSTw +

bS’I‘u (1 + n) + bS‘rb s T3 = %DTI + bS'I‘ s S'r = S’ruB( 1+

n) -Sym,I =1, +1,,A, =A, +4,,S. =8, +8,,I=
[+1 A=A +A 1, =Bl, —-nl,,S, =BS, - nS,,
Ay=D(A, +A), 1, =p1, +7°1,,A, =D* (A, +
A,),S, :D<ﬁsu _nsh> ,Sa=D(S, +8,).

WX (22) kA8 3, R —B A8 7346 F& 811 =
0, AIFAEL P Ut B2 A TR A6 22 09 S0 O R A
R FA

—EaT, + EAuy - ES 0w +%Eslv’ =0, (23)
EaT, + Elw' —%Eszv’ ~ESu,=0, (24)
. 4GI ,
%Eszw —%ESW + 3b;2y-%Eslu0 =0, (25)
2 2 .8 S22 : !
— = EaT, -2 ESuw +>ESw +=ES,u )5y -0.
( K B F. S T A
(26)

. 3 3 3
ittp:sl :?Asl +S, +?DAW5SZ =1, +?Ssz,53 =

15 5 15
I, + gAa2 + ?Ssz + gAtz.

FWER(23) 1 - ESa0 + 2SBS0 FIst (24)

2 , ,
g - ?ESZU - ES u,, R

, T
uy =1 (27)
T
w' = —%. (28)

WU (27) F0(28 ) At 2 T AT A RE T A I Y
B i) SR R R 3 B 0 S DR AT R O R Bl

FIAEIEAR /I, 2 W53k (23) th — ES.w’ + %Es o B

Wi, LA AR B i o D R AN 5 2%

. , S.T
T —%Szv _ —a(Tz—Tl), (29)
2. » 8. . 4G,
352w —15531) +3Ebzv—0, (30)
286,22 5T 15| =
[—352w +1SS31} +3a(—T3+ 1 )]61)0—0.

(31)

H(29) ~ (31) MBS 3C[17 TS EIA
FERTE T A SC P A SRR A5 1 AL A AT g A
(O REE I 10 2 A2 5 D. D iR 7 8, K SCHk [ 17 ] 19
ITERR NS BOE , AR SONERR B IEX S 40k 1
3 (29) BEATR T, ARA(30) AT 4%

v - kv =0. (32)
15GI,1
;H\:EF‘ kZ — > s2 —.
Eb”(6S,1-58S;)
F LG T A5 R A T A
v =c,cosh kx + c,sinh kx. (33)

XTI SR AT P A T R
Mx=0 Hﬂ',v’ =g,U1IJ c, :%;

(1 = cosh kl)

Mo Iy =7 e =
Ha=lBf,o = We, =222 =

2761 _S] Tl _ T()SZ

. 3077 A 1 S.T
itqj:§= 2 1

8, 48
157 91
GRS

»(x) :5(1 —cosh kl)

{

fsinh Al « cosh kx + ?smh kx.

(34)
Xt (34) K247

(1 —cosh kl)

v (%) = b K « sinh kx + Zcosh kx.
(35)

et (27) #1(29) R4 AT 15

T
%HD,, (36)

ol, 2§

Zo M2
[x+3lv(x) +D,. (37)

o D D, R AR R AR AR S w, (0, £,
0) =u,(0) +Dv(0) =0;w (0.51) =0, "[15
_D(1 = cosh kl)

Uy =

w = -

D, = ksinh kl ’ (38)
Tyl

FX(34) ((36) (BT)MRAI(3) A (4) RIATR
b IR 0 I T i AN SR A
IS A1

o, :E{uo(x) —zw + [2,8(1 —2/7) +D]11' -al(z2) },

(40)
gy, :E{uo(x) —aw +[ —217(1 —ZE) +D]v' -oT(z) }
(41)



52 1 WO, 45 AR IR R B R A S A A B Sk - 107 -
04 1 —#HRTHE
2 ﬁ— /WU — =B=1,n=1
ol 777 £0.64,1-032
BE A fete 37 < — --£=0.44,1=0.11
2.1 EEEBEWRAER ‘ g - = PREEE
PISCHk [ 18 ] Jo B 3 2% M 48 92 o o, B4 5_0_4,
Bl 1(a) H n =0 15 PA5E M5 fA] LA 52, #m J L = é
A B S50 b =3 m,t, =0.4 m, 1, =1, = R
0.4m,h=3.3m,l=60 ma=1x10"7/C,E = S
35.5 GPa,G =15.2 GPa. 5 221 AE L 1 16 S0 1 2 3 4 5 6
. TENF IRy /7 18] /m
FEA AR G 2 . (a) TBR R
05 ¢ —
) — H RO
— < — - B8=1,1-=1
04 m === B=0.64,1=0.32
£ 53 2 — --B=0.44,n1=0.11
b= I - = PHEEE
2
2.9 o
" E -0.5 -
—_ -1.0

B2 BmEESH

Fig.2 Vertical temperature distribution

SR IAEAR SOk B A B S AR 9203 R
A BRICTT 2 S EE B IE S EOE -
SEN LA, AR T A 3 s, b A
552 9204k 5,441 600 /4 TH K BT

B3 ARTKEE

Fig.3 Finite element model

Bl 4 2 x =57 m b b 3R A T A A
Bk B LT E A R ) E R )y
8] TGO 20 A1 A 0, A BR G B 45 R 5B IE NS
BTSSR R B 5 i 4. O HARYE B
Fl oy WIUEAS ], 08 A A fE. MR S5 5
JEAR S 80 09 PR A, TOUAR e R0 K, JFS AL i 1L
/N M B =0.64 9 =0.32 0, (& 1E WS H0E AR
JCHR S R A AL W) 5 B A SR IR
£ B =0.64 m=0.32 (ySEal kAT

Bl 5 S NFTRF ) o 510 1 3 A 5 1 Al 2 £ Ak g i
Fi53A. B & T % D B IE NS EL A%
& D BRSEE A BRIO i LA 8  BE Jy ik e
PGS 1121 o7 17

0 1 2 3 4 5 6
bR 1y 77 /m
(b) AR RS

B4 ETREHFEMS (x =57 m)

Fig.4 Middle plane stresses of the top and bottom flanges(x =

57 m)
04 r — HRItE
- - AR
- - BIEXSHk
=== XSk
< 0.6
Ay
p
~N
R
Y
1.0

AT a5 [/l /m
B5 FEFSERTASHEEN

Fig.5 Axial stress at the corner of top flange and web plate

TSR EY . 1) AR R R AR AT,
A BROT TG ] — oy JBE Jaly 1) [0 AN 2 6 T 228 %
B AT A E TR A R R X R AR R
FEARZRPEI VR I f )™ A2 8T TR 2) B IE
e S e IWE S s -2 el Pl e fibha g
SERIEAAMIR] , T2 TSR M. AT BROTHY
PRCELE L N E S SR DAL TE I
ZHROE SA RIS R & L, RUIHE D Z 51
PR RS S PR B g 30T, I 2 1 3 SO
3) e Yy (4 B R A fi] SO0 R s I 1 R T
A TSR R Y 10 m 24y, X R WX
TR SR M A LT B T B0 9 7 R



- 108 - [7E N (- U A = - 952 %
RIS JBE R 30T ) Jmy & N 77, 52y L) 0 1.5 A5 4R Ay RE A 5 b R TR S AR Y T VIR 1) T

RETEIE. 4) HeT V- B R 1) R e 4 b A
-0.7 MPa, iFH 45 R AR P 40 m 5 = AT
A8, MAESS 10 m LAPA/INTAT BROGAR KOS 4k
M. QNFEST mik, B 728 - 0.9 MPa. [H I, #%F
AT BOE T3 18] SRR BRI BE AR 7R AR L Al A
LA,
K6 0w =57 m J x =45 m AR = [0 5 F1 53
AT BTSSR, W LUA 56 TP A (BOE A A
I FIH R TT I S A SO B TE S ok B RE B b
LR A ) o A . Herp 7R T SR 1.5 A
G i I I A AT A W A B8 B T T O fE =
57 mibASCT5 i 5 A BROCIT A i 22, (AR 22 A
R AE TR SCRE G 8] B 0 7 0 AN ., al A 75
B ARRMBOE , R, 75 o« =45 m G AR )W) 558
Uf ABIE SR A TP fBOE B3 vk
SRAFHIMEARN 3 5 A4 BRICHTSRAEAH 22 8008, 7T
Ao 8 R AR R P AR B RT  A AR  BORG 2
ZUR.
201
15F
10f
0.5F
ol
05F
10f
-15F
2.0

FREE/m

z[FI N 11 /MPa
(a)x=57 m

201
1.5¢ T

10f j

0.5F 4

05+ = HRTE

.~ TR '
1.0} HH@EW?&&HK'
-1.5¢
2.0

FREE/m

6 4 2 o 2 4
z[F 82 /1/MPa
(b)x=45m
E 6 FEMWALz B A
Fig.6 Axial stress of the web
2.2 HEBERER
2.2.1 R =AIRRL R
DR TEE ] nb =3 m, WA HAR A LA
SRR SRR MR B A 1| 2. 1. &7 Sl
S BLARRE R A B3 AR ) 3 A R 7 (a)

15304, 61 7 (b) g o =57 m Ak 3T AY 0 77
RERF )y J5 1) B 201 P T RAER R, WS HaA
IR ACRSAROGE A EE R, TR T R AP RS
JEE. X AR T A B 25 3L, RV AR S v B O
WL/ N A BRICH T Z5 R, B i TP SO AT
FHEINE 1A

a

o (z) =E[%+aTTzz—aT(z)]. (42)

Xof 15 SR B R ST, T T AR AR /)N T 22
WETE LT, = (40) rIAAR R I AR Y 1
[ aTl aTo ]

gl o
1t al(z)

Xﬁ?jﬁﬁ%’(*ﬁéﬁﬁ,sh = O,IJ“J To = T2 ’ lﬂﬁ,EF
BB E R 5 WS A BRIT 4 R 2 & 1.
A B GARFIE A H LT F=AR B O 0 TH B AN

ST
REAELAGIN B0 S, 0 U Ty =T, - = T, 5

BOFHE BUE A TH R AER AR R P R h S
A BRITIHR SR . 3R WIS T AR xR , 4k
P 5 LA 1) 99 0 K 582w 4R T ) ot S, 7 4T i
SE PR 25 S TR R T BUR 22 , 78 XS 40
B IEXUSHOL T2 I8 T I T A2 0 A E A e

(43)

g, =

Or — HRTTE
— = PRE B
- -BENSHE
0.2¢ == WKk
§ e e - — - —
-E 04+t
N N
06 1
| \
-0.8 : : J : : '
0 10 20 30 40 50 60
WA 75 141/
(a) kIR 5 IR AS £ Al 1 2 A7
04 — AR
— = FREEE
s - -BEUSHE
S - - B ¥
R
ﬁ
=
x 04f
=]
-0.8

6 4 2 0 2 4
AR Ry 75 18] /m
(b) TR FE RS (x=57 m)

B7 HEEEWRSELRRNENS

Fig.7 Middle plane stresses of the top flanges with cantilever
flange



52 1

DL, 45 ARZANEIRLEEBR B AR T 1 SRS SR 5 3 Ak - 109 -

2.2.2 MWEIERZE A

PA_E AN 5] v R T A 1) g i = A T R B A
JEp A, LA DA A 2 1 i 3 B0 E A R B i Ak
o7 A HLEE. FLSEAR R R ER A I, 52 H 4 o
JBE BB T 00 H BRI () PR IR b 5 A5 R A
PR 2R AR5 i T (3t P 20 A AR S 2% VR 2273 X 4%
b2 TRUATR AR A JLBE A AT T B O 5T, 1R
TR 5 il FEE B AL A S B BT 5 1 S i
b A FEE 0B E T AR A4 RE B PR o
CA BRI ARG 2 R [ SR A i S 47
L0 BRI, T Y S A R AR R . AT LAk
(o R T R ) v I 3 22 3 A6 38 Oy 49
PEATIRLEE Y A TR A e g Sl R A B 0 A
mE 8 frs.

1E L3R 0.4 m JE A A AR LR, Foh
0.1 m yH 25 CHEE6.7CL,0.1 0.4 m N
H1 6.7 CREZE 0 C. XF T A [A] Y I B2 A6 B 48—
T(z) RECHAT A, I, XT38 5 7 7 1) 52 i Jo gk
FE30(12) ~ (14) PR IR AR L S AER) 6 D28
Ay A Any  Se Seo Sy LK S B ) 3% 31k 5
(40) . (41) iy T(2) . HM I+ e 5 R = e
K2 (Y A ).

0.1m 25°C
03 m 6.7°C

0C

29m

B8 MERESH

Fig.8 Temperature distribution in specification

X T R SR B AR B AT B, TLAT S
BESRIR S . A2 P 8 R B AR AT B0 A7 73
AN E 9 Pz [ 9 (a) S L3RS M AR S A v mi Ak
JSE IR 1)« 7 16704, B 9 (b) g o0 =57 m Ak I
E8 T AN TN A R v R I i < G
P9 (a) AT, AR SR Hh BRI B 3 3 52 /N T 2 17
TIFEAR A, RO CE 1S T3 54 R
BNTAHBRIC. X2 TARL MR RS T A R &%
MR AR 1) 1 38 52 B 7 5200, P B P s
AT 7 R IX IR T 5 R 22 , TR IE XS Ek vh %
V&K PR TR LA R, X5 R = A il
BREEAEHT T B RLEEARIA. 181 9 (b) =57 m Kb A i 1i]
AR 3 o3 A TR A TE XS B0 T A 04 B 1 BEA

TR LR Sy O AR DL, B SR AR
A RITIEWI S B, s T RAFAIE B

08 — AR
- = FREEE
— - BEXSHE
< 07F
=]
LY/ -2\
B ! \
VAR
J \
0'50 110 2‘0 3‘0 4|0 56 6(I)
JIgiAFR el 75 1] /m
(8) FIRIR S IS 1
1oy L
== FREEE
s 097 = - BEXSHE
(o]
=
~
R 038f
_1-2\‘
E 0.7+
&
= 0.6
0.5

8 6 4 2 0 2 4 6 8
BEFF Iy 7 7] /m
(b) ToAR HFTEI B ST (=57 m)
B9 MEBRESHGTNA

Fig.9  Stress of temperature distribution in specification
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